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ABSTRACT 

A c r i t i c a l  s t u d y  is made of t h e  JWKB approx ima t ion  

f o r  phase  shifts by comparison of t h e  approximate  p h a s e s  w i t h  

t h o s e  c a l c u l a t e d  by numer i ca l  s o l u t i o n  o f  t h e  r a d i a l  wave 

e q u a t i o n .  

Lennard-Jones (12-6) p o t e n t i a l  i n  which t h e  JWKB approx ima t ion  

is u n s a t i s f a c t o r y .  Reasons f o r  the f a i l u r e  of t h e  JWKB 

approx ima t ion  are no ted ,  and a s imple b u t  e f f e c t i v e  method of 

p r e d i c t i n g  t h e  r e g i o n  of E - ,l - A* s p a c e  where f a i l u r e  occurs 

is s u g g e s t e d .  The s t u d y  is c o n t i n u e d  by a comparison of  t h e  

q u a n t a l  and semiclassical t r a n s p o r t  and t o t a l  cross s e c t i o n s .  

A r e g i o n  of E - ,8 - A* s p a c e  is mapped o u t  f o r  t h e  

~ 
~ ~~ ~~ ~ ~~ * 
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I t  is shown t h a t  t h e  JWKB t r a n s p o r t  c r o s s  s e c t i o n s  are of 

l i m i t e d  p r a c t i c a l  v a l u e  and t h a t  t h e  semiclassical t o t a l  cross 

s e c t i o n s  are u s e f u l  o n l y  a t  h igh  v a l u e s  of E and low v a l u e s  

of A*. P a r t i c u l a r  a t t e n t i o n  is c e n t e r e d  on f e a t u r e s  a s s o c i a t e d  

w i t h  c lass ical  o r b i t i n g  and w i t h  semiclassical rainbow and 

g l o r y  s c a t t e r i n g .  An a p p a r e n t  s i g n  change i n  t h e  quantum 

c o r r e c t i o n s  fo r  t h e  v i s c o s i t y  crbss s e c t i o n  found by d e  Boer 

and B i r d  is shown t o  be a n  a r t i f ac t  caused  by t h e  n e g l e c t  

of t h e  a t t r a c t i v e  par t  of t h e  i n t e r a c t i o n  p o t e n t i a l .  F i n a l l y ,  

small-ang-e q-i~afit-l d-jffereiit iai C ~ ' - O S ~  sect ions fox- a 

p o t e n t i a l  are compared w i t h  some r e c e n t  - 12 r e p u l s i v e  r 

semiclassical c a l c u l a t i o n s ,  

s m a l l  a n g l e s  is found t o  be v a l i d  t o  larger a n g l e s  than 

p r e v i o u s l y  t h o u g h t .  

The behav io r  as exp  ( -  cx3 a t  
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I INTRODUCTION 

E l a s t i c  c o l l i s i o n s  between atoms and molecu le s  are 

d e s c r i b e d  by t h e  l a w s  of quantum mechanics. A cc?mplete 

q u a n t a l  p h a s e - s h i f t  c a l c u l a t i o n  of s c a t t e r i n g  and t r a n s p o r t  

c r o s s - s e c t  i o n s ,  however, can be v e r y  l a b o r i o u s ,  e s p e c i a l l y  

when large numbers of  phase s h i f t s  are r e q u i r e d ;  v a l i d  

approx ima t ions  are t h e r e f o r e  o f t e n  made. Two main l e v e l s  

of approx ima t ion  e x i s t :  (1) t h e  phase  s h i f t s  c a n  be approximated  

i n s t e a d  of  b e i n g  c a l c u l a t e d  by direct  numer i ca l  i n t e g r a t i o n  o f  

t h e  r ad ia l  wave e q u a t i o n ,  and (2) t h e  v a r i o u s  summations of 

t h e  phase  s h i f t s  t o  produce cross s e c t i o n s  c a n  a l so  be 

approximated .  When enough s u c h  approx ima t ions  are made, t h e  

r e s u l t s  r e d u c e  t o  those of a p u r e l y  c lass ical  c a l c u l a t i o n ;  

there are, however, i n t e r m e d i a t e  s t a g e s  between t h e  p u r e  q u a n t a l  

and t h e  p u r e  c lass ical  c a l c u l a t i o n s .  

The o b j e c t  of t h i s  p a p e r  is t o  es tab l i sh  t h e  domain of  

v a l i d i t y  of t h e  "semiclassical" and c lass ical  approx ima t ions  

f o r  some a tomic  and molecu la r  c o l l i s i o n s ,  and t o  p o i n t  o u t  

some f e a t u r e s  t h a t  ar ise  i n  cross s e c t i o n s  when t h e  s c a t t e r i n g  

p o t e n t i a l  h a s  bo th  a t t r a c t i v e  and r e p u l s i v e  b ranches .  T h e s e  

f e a t u r e s  are connec ted  w i t h  t h e  c lass ical  o r b i t i n g  c o l l i s i o n s ,  

and  w i t h  s c a t t e r i n g  p a t t e r n s  known as g l o r i e s  and rainbows 

f r o m  t h e  ana logous  o p t i c a l  phenomena.' 

on  t h e  t o t a l  s c a t t e r i n g  c r o s s  s e c t i o n  and on t h e  t r a n s p o r t  

cross s e c t i o n s  f o r  d i f f u s i o n  and v i s c o s i t y ,  and o n l y  a f e w  

A t t e n t i o n  is c e n t e r e d  

I 
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remarks on t h e  d i f f e r e n t i a l  s c a t t e r i n g  c r o s s  s e c t i o n s  are made. 

Although t h e  phenomena d i s c u s s e d  are c o n s i d e r e d  t o  be q u i t e  

g e n e r a l ,  detailed numer ica l  c a l c u l a t i o n s  are f o r  t h e  most p a r t  

res t r ic ted t o  t h e  Lennard-Jones (12-6) p o t e n t i a l .  

Comparison is a l s o  made w i t h  s e v e r a l  r e c e n t  s t u d i e s  

The p r e v i o u s  c a l c u l a t i o n s  t u r n  of  molecu la r  s c a t t e r i n g .  2-5 

o u t  t o  be res t r ic ted  t o  parameter v a l u e s  f o r  which  t h e  s e m i -  

c lassical  (JWKB) approx ima t ion  is q u i t e  a c c u r a t e ,  and do  n o t  

r e a l l y  come v e r y  c l o s e  t o  t h e  t r u l y  q u a n t a l  r e g i o n s .  Some of 

t h e i r  c o n c l u s i o n s  must therefore be treated w i t h  ~eservation; 

99. GENERAL FORMULAS 

I n  t h e  phase-sh i f t  f o r m u l a t i o n ,  t h e  d i f f e r e n t i a l  

s c a t t e r i n g  c r o s s  s e c t i o n  f o r  c e n t r a l  f o r c e s  is 

where k = pv/% is t h e  wave number of r e l a t i v e  motion,  x is 

t h e  a n g l e  of d e f l e c t i o n  of t h e  r e l a t i v e  v e l o c i t y  v e c t o r ,  

is t h e  phase  s h i f t  f o r  angular-momentum quantum number - a ,  and 

P j ( c o s  x ) 
s c a t t e r i n g  c r o s s  s e c t i o n  S and t h e  t r a n s p o r t  c r o s s  s e c t i o n s  

S(n)  are d e f i n e d  i n  t e r m s  of a(x ) by 

d Q  

is a Legendre polynomial  i n  cos x The t o t a l  



When a ( x  ) is s u b s t  t u t e d  i n  Eqs. (2) and (3) .&&.e i n t e g r a t i o n s  

c a n  be carried o u t  t o  y i e l d  6 

which  are t h e  u s u a l  s t a r t i n g  p o i n t s  f o r  n u m e r i c a l  c a l c u l a t i o n s .  

The summations r u n  o v e r  a l l  i n t e g r a l  v a l u e s  of d from 0 t o  ~0 

f o r  d i s t i n g u i s h a b l e  p a r t i c l e s ,  b u t  o n l y  o v e r  even  or odd 

i n t e g r a l  v a l u e s  of I l? f o r  i n d i s t i n g u i s h a b l e  par t ic les .  The 

d i f f u s i o n  cross s e c t i o n  S (') must a lways  refer t o  d i s t i n g u i s h a b l e  

par t ic les  or else  it refers t o  a nonobse rvab le  process. 

A c c u r a t e  numer i ca l  v a l u e s  of t h e  p h a s e  s h i f t s  d j  c a n  

be de te rmined  by s o l v i n g  t h e  rad ia l  wave e q u a t i o n  of t h e  

r e l a t i v e  mot ion  e i the r  a n a l y t i c a l l y  or n u m e r i c a l l y .  The former 

approach is l i m i t e d  t o  some v e r y  s i m p l e  s c a t t e r i n g  p o t e n t i a l s ;  

t h e  l a t t e r  p r o c e d u r e  is n e a r l y  a lways  f e a s i b l e  f o r  " p h y s i c a l l y  

r e a s o n a b l e "  p o t e n t i a l s  bu t  it is l a b o r i o u s  and time-consuming. 

The a p p r o x i m a t i o n  t h a t  is u s u a l l y  used  f o r  atomic and m o l e c u l a r  
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s c a t t e r i n g  is o f t e n  called semiclassical, a t e r m  w h i c h  we s h a l l  

u s e  t o  mean t h a t  t h e  summations o v e r  phase  s h i f t s  are r e p l a c e d  

by i n t e g r a t i o n s  and t h a t  t h e  phase  s h i f t s  bl? are c a l c u l a t e d  

u s i n g  t h e  JWKB a p p r o x i n a t i o n  w i t h  t h e  Langer m o d i f i c a t i o n  of 

r e p l a c i n g  l?(l?+l) by i n  t h e  c e n t r i f u g a l  t e r m .  We w r i t e  

t h i s  approx ima t ion  as 

where  Y(P)  is t h e  s c a t t e r i n g  p o t e n t i a l  and 

The lower l i m i t s  of t h e  i n t e g r a l s  are t h e  ou te rmos t  zeroes 

of t h e i r  i n t e g r a n d s ;  ro c o r r e s p o n d s  t o  t h e  c lass ical  d i s t a n c e  

of c l o s e s t  approach  and b t o  t h e  c lass ical  impact  pa rame te r .  

A more g e n e r a l  t r ea tmen t '  shows t h a t  i n  cases where there  is 

more t h a n  one z e r o  of t h e  first i n t e g r a n d  i n  E q . ( 7 ) ,  t h e  r e s u l t  

s t i l l  h o l d s  i n  t h e  s a m e  form b u t  t h e  i n t e g r a t i o n  e x t e n d s  o v e r  a11 

r a n g e s  for which  t h e  i n t e g r a n d  is rea l .  W e  do n o t  u s e  t h i s  

e x t e n s i o n  i n  o r d e r  t o  p r e s e r v e  t h e  impor t an t  semiclassical 

r e l a t i o n  between t h e  phase  s h i f t s  and t h e  c lass ical  d e f l e c t i o n  

a n g l e ,  
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For  s m a l l  phase  s h i f t s  t h e  JWKB approx ima t ion  becomes e q u i v a l e n t  

t o  t h e  Born approx ima t ion .  

Our first  t a s k  w i l l  be t o  examine t h e  r a n g e  of v a l i d i t y  

of t h e  JWKB p h a s e - s h i f t  approximat ion ,  and t h e n  to c o n s i d e r  t h e  

c r o s s - s e c t i o n  c a l c u l a t i o n s .  

111. PHASE SHIFT CALCULATIONS 

A l l  phase  s h i f t  c a l c u l a t i o n s  were per formed by numer i ca l  

i n t e g r a t i c n  Vith 2.n IEX 7n90, The r-umerical methnds I-Eclrd f o r  

t h e  JWKB i n t e g r a t i o n  have been d e s c r i b e d  elsewhere:  

numer i ca l  methods used  f o r  t h e  i n t e g r a t i o n  of t h e  r a d i a l  wave 

e q u a t i o n  are d e s c r i b e d  i n  t h e  Appendix. Although n o t h i n g  new 

i n  p r i n c i p l e  is invo lved  i n  t h e s e  numer i ca l  methods,  t h e  programs 

r a n  a p p r e c i a b l y  faster t h a n  t h o s e  p r e v i o u s l y  d ~ s c r i b e d ~ - ~  w i t h  

no l o s s  of a c c u r a c y ,  The p o t e n t i a l  used  w a s  t h e  Lennard-Jones 

(12-6) 

and t h e  

L -I 

where E is t h e  w e l l  d e p t h  and ?(a) = 0. The quantum e f f e c t s  

are c h a r a c t e r i z e d  by t h e  de Boer p a r a m e t e r ,  

where h is P l a n c k ’ s  c o n s t a n t  and p t h e  r educed  mass of t h e  

system.A* is t h e  d e  B r o g l i e  wavelength  of t h e  c o l l i d i n g  s y s t e m  

i n  u n i t s  of cr f o r  a n  energy of  E = E ,  or t h e  t h e r m a l  d e  B r o g l i e  
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wavelength  f o r  a t e m p e r a t u r e  of  T = E/ko 

l i g h t  mo lecu le s  r a n g e s  from 1 .0  f o r  t r i t i u m  t o  s l i g h t l y  g r e a t e r  

t h a n  3 .0  f o r  helium-3. The v a l u e s  f o r  ' ~ c l a s s i ~ ~ l e P m ~ l ~ c ~ l e s  

l i e  i n  t h e  r ange  0 t o  1 . 0 ;  f o r  example,  A *  is 0 . 5 9  f o r  neon. 

Ear l ier  c a l c u l a t i o n s  2' 

t o  A* = 0 . 5 6  and so  have not  e n c o u n t e r e d  many of t h e  s t r i k i n g  

quantum e f f e c t s  obxained  by v a r y i n g  A*. 

The v a l u e  of A" f o r  

have c o n c e n t r a t e d  on cases c o r r e s p o n d i n g  

A comparison of t h e  q u a n t a l  and JWKB phase  s h i f t s  

shows t h a t  t h e r e  is a l w a y s  a r e g i o n  i n  which t h e  JWKB approx ima t ion  

is poor ,  and t h a t  t h i s  r e g i o n  grows i n  e x t e n t  as A* i n c r e a s e s .  

An i l l u s t r a t i o n  of t h e  t y p e  of f a i l u r e  e n c o u n t e r e d  is shown i n  

F i g .  1, w h e r e  6 is p l o t t e d  as a f u n c t i o n  of E l 6  f o r  v a l u e s  of 

,!, = 5,  6, and 7 and A* = 1.0.  A f i x e d  v a l u e  of' c o r r e s p o n d s  t o  

a f i x e d  v a l u e  of t h e  a n g u l a r  momentum. The v e r t i c a l  a r rows  

mark t h e  e n e r g i e s  for which c lass ica l  o r b i t i n g  o c c u r s ;  t h e  

f a i l u r e  of t h e  JWKB p h a s e - s h i f t  app rox ima t ion  is p a r t i c u l a r l y  

obv ious  a t  e n e r g i e s  close t o  t h e  o r b i t i n g  e n e r g i e s .  I t  is e a s y  

t o  u n d e r s t a n d  why t h i s  is so: f o r  e n e r g i e s  below t h e  o r b i t i n g  

e n e r g y ,  p e n e t r a t i o n  of t h e  c e n t r i f u g a l  b a r r i e r  by t u n n e l i n g  

o c c u r s ,  and s i n c e  t h e  JWKB approximat ion  c o n t a i n s  no p r o v i s i o n  

f o r  t u n n e l i n g ,  t h e  approximat ion  is poor .  For  e n e r g i e s  above t h e  

o r b i t i n g  ene rgy ,  t h e  incoming wave is p a r t i a l l y  r e f l e c t e d  by 

t h e  c e n t r i f u g a l  b a r r i e r  and t h e  JWKB approx ima t ion  is a g a i n  r a t h e r  

p o o r .  Thus a t  g iven  v a l u e s  of ,l and A* t h e r e  may be  a r a n g e  of 

a 
- - 

- 
e n e r g i e s  for which t h e  JWKB approx ima t ion  is u n s a t i s f a c t o r y .  

The pa rame te r  v a l u e s  f o r  which t h e  JWKB approx ima t ion  is 
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u n s a t i s f a c t o r y  c a n  be r e p r e s e n t e d  as a r e g i o n  i n  t h e  E - i  p l a n e  

f o r  each v a l u e  of A". T h e  r e g i o n s  f o r  d i f f e r e n t  A* c a n  be 

made t o  e x h i b i t  a clear f a m i l y  resemblance  by u s i n g  as one 

c o o r d i n a t e  n o t  - l? b u t  A * ( l ? e $ ) ,  which  is p r o p o r t i o n a l  t o  t h e  

a n g u l a r  momentum b(2pE)", as f o l l o w s  : 

- 

1 

Such a p l o t  is shown i n  F i g .  2 ,  c o n s t r u c t e d  w i t h  t h e  c r i t e r i o n  

t h a t  t h e  JWKB approximat ion  is u n s a t i s f a c t o r y  when t h e  d i s c r e p a n c y  

w i t h  the q u a n t a l  phase s n i f t s  is greater iiiaii 6 . 6 5  rad.  G"bhei- 

choices of c r i t e r i a  would narrow or widen t h e  r e g i o n s  shown, b u t  

would n o t  change t h e  o v e r a l l  p i c t u r e .  The c h o i c e  of v a r i a b l e  

g i v e n  by Eq.(12) c a u s e s  t h e  r e g i o n s  t o  c o i n c i d e  a l o n g  one edge .  

T h i s  edge  r u n s  v e r y  c l o s e  t o  t h e  c u r v e  w h i c h  d e f i n e s  c lass ica l  

o r b i t i n g ,  and i n  fac t  c o n t i n u e s  beyond it n e a r  t h e  c u r v e  which 

d e f i n e s  ra inbow s c a t t e r i n g .  

I t  is n o t  s u r p r i s i n g  t h a t  t h e  JWKB approx ima t ion  f a i l s  

i n  t h e  v i c i n i t y  of c l a s s i c a l  o r b i t i n g ,  because  of bar r ie r  

t u n n e l i n g  and p a r t i a l  r e f l e c t i o n ,  b u t  it is more s u r p r i s i n g  t h a t  

it a l s o  f a i l s  a t  e n e r g i e s  E/€ > 0.8, where no c e n t r i f u g a l  barrier 

ex i s t s .  However, t h e  r eason  is n o t  h a r d  t o  f i n d ,  and c a n  be 

u n d e r s t o o d  by r e f e r e n c e  t o  F i g ,  3, where  two e f f e c t i v e  p o t e n t i a l  

c u r v e s ,  
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are shown, one w i t h  a b a r r i e r  and one w i t h o u t .  The Feff c u r v e  

w i t h o u t  t h e  barrier r e t a i n s  a trace of t h e  barr ier  i n  t h e  form 

of a "kink" i n  t h e  c u r v e .  When t h e  k i n k  is rather  a b r u p t ,  it 

c a n  c a u s e  a r e f l e c t e d  wave t o  be set  up which  is n o t  t a k e n  i n t o  

accoun t  i n  t h e  JWKB approximat ion .  T h i s  f a i l u r e  i n  t h e  JWKB 

f o r m u l a t i o n  d i s a p p e a r s  on ly  when t h e  a n g u l a r  momentum becomes 

s t i l l  greater and t h e  k i n k  s t r a i g h t e n s  o u t  o r  when E is s o  

h i g h  t h a t  t h e  k i n k  a p p e a r s  un impor t an t  i n  comparison.  It is 

s u r p r i s i n g  how h i g h  E m u s t  be b e f o r e  t h i s  o c c u r s .  

An impor t an t  p r a c t i c a l  question is hww io p r e d i c t  the 

r e g i o n s ,  shown i n  F i g .  2 ,  w h e r e  t h e  q u a n t a l  c a l c u l a t i o n s  must 

be  used .  I t  is l i t t l e  h e l p  t o  know t h a t  such  r e g i o n s  do e x i s t  

i f  t h e  o n l y  way t o  f i n d  them is by direct  comparison of JWKB 

and q u a n t a l  phase  s h i f t s .  I t  is clear t h a t  a r e a s o n a b l e  estimate 

of t h e  low-energy edges  of t h e  r e g i o n s  is a v a i l a b l e  f rom a 

knowledge of t h e  c u r v e  of c lass ical  o r b i t i n g  and rainbow s c a t t e r i n g ;  

t h e  problem is t h e r e f o r e  t o  p r e d i c t  t h e  high-energy edges .  A 

s a t i s f a c t o r y  p r e d i c t i o n  c a n  be o b t a i n e d  from a rough a n a l y s i s  

based on t h e  idea t h a t  the high-energy edges i n d i c a t e  where 

p a r t i a l  r e f l e c t i o n  by t h e  c e n t r i f u g a l  barr ier  or t h e  k i n k  

becomes n e g l i g i b l e .  A l l  w e  r e a l l y  need t o  know is how t h e  edge 

e n e r g y  v a r i e s  w i t h  A", f o r  wh ich  pu rpose  a r e c t a n g u l a r  b a r r i e r  of 

h e i g h t  yo and w i d t h  a may s e r v e  as a s u f f i c i e n t  m i m i c  of t h e  

c o m p l i c a t e d  r ea l  b a r r i e r ,  The r e f l e c t i o n  c o e f f i c i e n t  R of such  

a barrier f o r  E > yo is 

- 

9 



w n e r e  

A s  E i n c r e a s e s  above poe R decreases a s y m p t o t i c a l l y  t o  z e r o ,  

b u t  w i t h  a n  o s c i l l a t i n g  component due t o  t h e  s h a r p  c o r n e r s  of 

t h e  s q u a r e  bar r ie r .  After t h e  first z e r o  of  R,  which  o c c u r s  

f o r  aa-, t h e  v a l u e  of R is a l w a y s  less t h a n  0.1, and a f t e r  t h e  

second zero a t  aa=2n, t h e  v a l u e  of R r ema ins  less t h a n  0.02. 

So w e  c a n  e x p e c t  r e f l e c t i o n s  t o  c a u s e  l i t t l e  t r o u b l e  when aa 

becomes greater t h a n  some c o n s t a n t ,  s a y  rough ly  23, t h a t  is i f  

* S u b s t i t u t i n g  f o r  A and t a k i n g  E>>yo w e  f i n d  t h i s  

c o n d i t i o n  becomes 

Thus a p l o t  of t h e  v a l u e  of t h e  edge ene rgy  v s .  

be approx ima te ly  a s t r a i g h t  l i n e  th rough  t h e  o r i g i n .  This 

c o n c l u s i o n  is tes ted i n  F ig .  4,  and shown t o  h o l d  w i t h  s u r p r i s i n g  

a c c u r a c y  b o t h  f o r  a p o i n t  nea r  t h e  bot tom of t h e  edge and fo r  

t h e  uppermost r e g i o n s  of t h e  edges .  That  is, t h e  r e l a t i o n  ho lds  

e v e n  when e x t r a p o l a t e d  i n t o  t h e  r e g i o n  where t h e  barr ier  h a s  

d e g e n e r a t e d  i n t o  a k i n k .  

(A*)2 s h o u l d  
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From F i g s .  2 and 4 we c a n  t h e r e f o r e  pred ic t  w i t h  some 

c o n f i d e n c e  t h e  r e g i o n s  where q u a n t a l  c a l c u l a t i o n s  of phase  s h i f t s  

s h o u l d  be made f o r  t h e  Lennard-Jones (12-6) p o t e n t i a l .  The r e g i o n s  

w i l l  p robab ly  be somewhat d i f f e r e n t  f o r  o ther  forms of p o t e n t i a l ,  

b u t  F i g s .  2 and 4 i n d i c a t e  how t h e  b o u n d a r i e s  of t h e  r e g i o n s  

c a n  be l o c a t e d  w i t h  t h e  minimum of  c o m p u t a t i o n a l  e f f o r t ,  u s i n g  

t h e  o r b i t i n g  edge  and Eq. (17) .  The r e g i o n s  a lways  e n c l o s e  t h e  

o r b i t i n g  c u r v e ,  b u t  as A* decreases t h e y  draw closer and 

e v e n t u a l l y  become j u s t  a t h i n  s t r i p  on e i the r  s ide  of t h e  o r b i t i n g  

curve. Thus for small v a l u e s  of A *  t h e  JWKB approx ima t ion  is 

a c c u r a t e  e x c e p t  n e a r  c lass ica l  o r b i t i n g .  

F i g u r e  2 a l s o  affords a n  e x p l a n a t i o n  of s e v e r a l  r e c e n t  

c o n c l u s i o n s  abou t  phase  s h i f t s  f o r  t h e  12-6 p o t e n t i a l .  For i n s t a n c e p  

B e r n s t e i n 2  found t h a t  h i s  q u a n t a l  phase  s h i f t s  were remarkably  

w e l l  c o r r e l a t e d  i n  terms of r educed  p a r a m e t e r s  s u g g e s t e d  by a 

semiclassical a n a l y s i s .  The r e a s o n  for t h i s  s u c c e s s  c a n  now be 

s e e n  t o  l i e  i n  t h e  fact  t h a t  B e r n s t e i n  c o n f i n e d  h i s  c a l c u l a t i o n s  

t o  y a l u e s  0% p* less t h a n  u n i t y ,  Had he  compared h i s  r educed  
I *  

phase  s h i f t s ' w i t h  t h e  e x i s t i n g  q u a n t a l  c a l c u l a t i o n s  f o r  ' * l a r g e r  A*, 

carried out, i n  a s t u d y  of helfum f o r  i n s t ance , ' o  he  would have 

found v e r y  large d i s c r e p a n c i e s .  As a n o t h e r  example,  t h e  p a t t e r n  

of agreement  and d isagreement  found by Choi and Ross" between 

B e r n s t e i n ' s  q u a n t a l  c a l c u l a t i o n s  and t h e i r  s econd-o rde r  WKB 

c a l c u l a t i o n s  is n i c e l y  c o r r e l a t e d  by F i g .  4 .  The s u c c e s s  of Marchi 

and Mue l l e r  w i t h  t h e  JWKB approximat ion  is due t o  t h e i r  f o r t u i t o u s  

a v o i d a n c e ,  foro t h e  most p a r t ,  of t h e  r e g i o n s  shown i n  F i g .  4.  

3 
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T h i s  is l a r g e l y  d u e  t o  t h e i r  u s i n g  A" = 0.56. 

A f e w  comments on t h e  b e h a v i o r  of t h e  phase  s h i f t s  i n  

t h e  r e g i o n  of classical  o r b i t i n g  are i n  o r d e r .  Here t h e  phase  

s h i f t  changes  r a p i d l y  o v e r  a v e r y  s m a l l  r a n g e  of b a t  f i x e d  

E, and t h e  impress ion  is o f t e n  o b t a i n e d  t h a t  there is a s h a r p  

d i s c o n t i n u i t y  i n  b o t h  v a l u e  and s l o p e  of  t h e  phase  s h i f t  a t  

t h e  o r b i t i n g  p o i n t .  1b9223212913 While it is t r u e  t h a t  some 

k i n d s  of p r i m i t i v e  semiclassical c a l c u l a t i o n s  do give such  

b e h a v i o r ,  t h e  JWKB phase  s h i f t s  ( i n  t h e  s e n s e  used  here) are 

much smoother ,  a l t h o u g h  e x h i b i t i n g  i n f i n i t e  s l o p e  and a 

d i s c o n t i n u i t y  a t  t h e  o r b i t i n g  p o i n t ,  as is shown s c h e m a t i c a l l y  

i n  F i g .  5 ( s e e  a l s o  F i g .  3 of r e f e r e n c e  l a ) .  I t  is clear  from 

t h e  semiclassical r e l a t i o n  between 6 and x s  Eq.(9), t h a t  6 canno t  

have  a f i n i t e  s l o p e  a t  o r b i t i n g ,  or else  x would e x h i b i t  a c u s p  

i n s t e a d  of a s i n g u l a r i t y .  The q u a n t a l  phases  are everywhere 

d i s c o n t i n u o u s ,  s t r i c t l y  s p e a k i n g ,  s i n c e  - takes on o n l y  i n t e g r a l  

v a l u e s .  However, i f  we c o n s i d e r  4 as a c o n t i n u o u s  v a r i a b l e  f o r  

p u r p o s e s  of mathematical  d i s c u s s i o n ,  t h e n  6 is c o n t i n u o u s  across 

t h e  o r b i t i n g  p o i n t ,  a s  shown i n  F ig .  5. 

- 

- 

F i g u r e  5 f u r t h e r  shows t h a t  JWKB phase  s h i f t  d i f f e r e n c e s  

c a n  be more a c c u r a t e  t h a n  t h e  phase  s h i f t s  t hemse lves  because  

t h e  JWKB p h a s e - s h i f t  c u r v e  r u n s  v e r y  n e a r l y  p a r a l l e l  t o  t h e  

q u a n t a l  c u r v e  ove r  a large r a n g e ,  One consequence of t h i s  is 

t h a t  t r a n s p o r t  c r o s s  s e c t i o n s ,  which  i h v o l v e  o n l y  d i f f e r e n c e s  

of phase  s h i f t s ,  may be more a c c u r a t e  t h a n  d i f f e r e n t i a l  or 

t o t a l  s c a t t e r i n g  c r o s s  s e c t i o n s  when c a l c u l a t e d  w i t h  JWKB phase  

s h i f t s .  
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I V .  CROSS SECTION CALCULATIONS 

R e l a t i o n s  among Quan ta l ,  S e m i c l a s s i c a l ,  and Classical Cross  S e c t i o n s  

We c a n  now a p p l y  t h e  r e s u l t s  of t h e  p h a s e - s h i f t  a n a l y s i s  

t o  t h e  c a l c u l a t i o n  of v a r i o u s  cross sec t ions ,  to see t h e  e f f e c t s  

of t h e  quantum d e v i a t i o n s .  

p o i n t e d  o u t  t h a t  there w i l l  a lways  be r e g i o n s  where t h e  q u a n t a l  

Ford and Wheeler la  have p r e v i o u s l y  

and c lass ical  d i f f e r e n t i a l  cross s e c t i o n s  d i f f e r  by a l a r g e  

amount. Whether o r  riot these d e v i a t i o n s  p r o p a g a t e  i n t o  t h e  

t r a n s p o r t  c r o s s  s e c t i o n s  depends on t h e  a n g l e  a t  which t h e  

d e v i a t i o n s  i n  o (x )  o c c u r .  The well-known d i v e r g e n c e  i n  t h e  

c lass ica l  ~ ( x )  a t  x = 0 does  n o t  p r o p a g a t e  i n t o  t h e  t r a n s p o r t  

cross s e c t i o n s  because  of t h e  (l-cosnX) w e i g h t i n g  factors .  

t h e  d i v e r g e n c e  a t  t h e  rainbow a n g l e  x,, where a(xr)  d i v e r g e s  

as TI- 1’3, a l so  d o e s  n o t  p ropaga te  i n t o  t h e  t r a n s p o r t  c r o s s  s e c t i o n s  

T h a t  

l a ,  14  

is more s u r p r i s i n g ,  s i n c e  x c a n  have any v a l u e  f o r  t h e  12-6 

p o t e n t i a l ,  depending  on t h e  ene rgy .  The f a c t  is n o t  obv ious  from 

t h e  e x p r e s s i o n  f o r  S (n) i n  terms of a ( x )  g i v e n  by Eq. (3), b u t  

f o l l o w s  e a s i l y  f rom t h e  e x p r e s s i o n s  f o r  S (n) i n  t e r m s  o f  phase  

s h i f t s  g iven  by Eqs.(5) and (6) .  P a s s i n g  t o  t h e  semiclassical  

r 

l i m i t ,  w e  r e p l a c e  t h e  summations o v e r  - L? by i n t e g r a t i o n s  o v e r  b 

and t h e  p h a s e - s h i f t  d i f f e r e n c e s  by d6L?/dl?, which is r e l a t e d  t o  x 
a c c o r d i n g  t o  Eq. (9) ,  and o b t a i n  

Sm 2 S ( I ) =  4n s i n  ( ~ / 2 ) b  db = 27r ( 1  - c o s  x ) b d b ,  

(3 0 



13 

These are e x a c t l y  t h e  c l a s s i c a l  e x p r e s s i o n s  o b t a i n a b l e  from Eq. (3)  

by t h e  c lass ica l  s u b s t i t u t i o n ,  a ( x )  s i n x  dx = bdb. Thus t h e  

e v e r - p r e s e n t  d i v e r g e n c e  i n  o ( x )  around x r  is w i t h o u t  i n f l u e n c e  i n  t h e  

semiclassical l i m i t .  

The f a c t  t h a t  a c o n s i s t e n t  semiclassical approx ima t ion  of 
1 

t h e  t r a n s p o r t  cross s e c t i o n s ,  i n c l u d i n g  r ep lacemen t  of t h e  

summations by i n t e g r a t i o n s ,  l e a d s  t o  t h e  e x a c t  c lass ica l  r e s u l t  

is a p p a r e n t l y  n o t  as w e l l  known as it  d e s e r v e s  t o  be,  a l t h o u g h  it 

h a s  c e r t a i n l y  been p o i n t e d  o u t  p r e v i o u s l y .  6913  

p a r t i c u l a r  semiclassical approximat ion  t u r n s  o u t  t o  be i n  f ac t  

comple t e ly  c lass ica l ,  it is perhaps  bet ter  t o  u s e  t h e  t e r m  "JWKB 

t r a n s p o r t  cross s e c t i o n s "  t o  mean t h o s e  t h a t  a re  e v a l u a t e d  w i t h  

S i n c e  t h i s  

JWKB phase  s h i f t s ,  b u t  w i t h  t h e  summations o v e r  - n o t  c o n v e r t e d  

t o  i n t e g r a t i o n s ,  Un les s  o n l y  a f e w  phase  s h i f t s  c o n t r i b u t e  t o  

t h e  summation, however, s u c h  JWKB cross s e c t i o n s  w i l l  d i f f e r  b u t  

l i t t l e  from c o m p l e t e l y  c lass ica l  cross s e c t i o n s  ( e x c e p t  i n  o r b i t i n g  

r e g i o n s  a s  e x p l a i n e d  l a t e r )  L) 

Fur thermore ,  s i n c e  t h e r e  are a lways  s i t u a t i o n s  ( l a r g e  

A *  and low E) where quantum d e v i a t i o n s  are l a r g e  f o r  t h e  t r a n s p o r t  

cross s e c t i o n s ,  w e  s h a l l  expect t h a t  i n  s u c h  cases t h e  JWKB 

approx ima t ion  w i l l  be  l i t t l e  bet ter  t h a n  t h e  p u r e  c lass ica l  

approx ima t ion .  That  t h i s  is  indeed  t h e  case is shown i n  F i g ,  6 ,  
(1)  where t h e  p e r c e n t a g e  d e v i a t i o n s  of  t h e  c l a s s i ca l  and JWKB S 

f r o m  t h e  correct q u a n t a l  resul ts  are shown as a f u n c t i o n  of ene rgy  



.' 

f o r  A * =  1 . 0  and 2.67.  

The c o n c l u s i o n  t o  be drawn from F i g .  6 is t h a t  it is 

seldom wor thwhi le  t o  b o t h e r  w i t h  a JWKB approx ima t ion  t o  S n) 

and t h a t  a n u m e r i c a l l y  a c c u r a t e  c lass ical  c a l c u l a t i o n  is l i k e l y  

t o  be b e t t e r  t h a n  a n u m e r i c a l l y  c r u d e r  JWKB c a l c u l a t i o n  w i t h  

a n  a p p a r e n t l y  b e t t e r  t h e o r e t i c a l  p e d i g r e e .  13,15 

c o u r s e  n o t  t r u e  f o r  t h e  t o t a l  s c a t t e r i n g  c r o s s  s e c t i o n  S, f o r  

T h i s  is of 

w h i c h  t h e  c lass ica l  approximat ion  a l w a y s  f a i l s  c o m p l e t e l y ,  b u t  

f o r  which t h e  JWKB approximat ion  may be q u i t e  s a t i s f a c t o r y  p rov ided  

~ u u  large r,Gr E +nr\ m m n l l  
b u u  D i i i a A A .  This is s~.,cY,Y? in F i g .  7 tL* la +A-  

where t h e  p e r c e n t a g e  d e v i a t i o m o f  t h e  J W K B  S from t h e  c o r r e c t  

q u a n t a l  S are shown as a f u n c t i o n  of ene rgy  f o r  s e v e r a l  v a l u e s  

of A * .  

Wood and C u r t i s s "  have g i v e n  t h e  f i r s t  two c o r r e c t i o n  

t e r m s  f o r  t h e  quantum d e v i a t i o n s  of S 

p r o p o r t i o n a l  t o  fi2 and h4. 

o r d e r  W K B  

and S ( 2 ) ,  which are 

These  a r i s e  i n  p a r t  f rom a h i g h e r -  

expans ion  f o r  t h e  phase  s h i f t s :  and  i n  p a r t  f rom 

Euler -Maclaur in  c o r r e c t i o n s  which a r i s e  when t h e  summations are  

approximated  by i n t e g r a t i o n s .  N o  numer i ca l  r e s u l t s  have y e t  

been  r e p o r t e d ,  o n l y  g e n e r a l  f o r m u l a s ,  and i t  rema ins  t o  be s e e n  

how f a s t  t h e  convergence  w i l l  be i n  ac tua l  computa t ions .  I t  is 

c o n c e i v a b l e  t h a t  a combina t ion  of  q u a n t a l  and JWKB phase  s h i f t s ,  

based  on F i g .  2 ,  cou ld  be c a l c u l a t e d  and combined t o  form c r o s s  

s e c t i o n s  w i t h  b e t t e r  accuracy  f o r  a comparable  amount of l a b o r  
2 

t h a n  c a n  be  o b t a i n e d  from u s e  o f  t h e  ser ies  i n  45 ~ The q u e s t i o n  

is wor th  f u r t h e r  i n v e s t i g a t i o n .  
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Regardless of  which method may be t h e  most e f f i c i e n t  

for numer ica l  computa t ion ,  t h e  p r e s e n t  r e s u l t s  c a n  be used t o  

throw some l i g h t  on a n  i n t e r e s t i n g  p e c u l i a r i t y  i n  t h e  quantum 

d e v i a t i o n s  of t h e  v i s c o s i t y  of H e 4  a t  low and h i g h  t e m p e r a t u r e s ,  

or what is t h e  same t h i n g ,  t h e  quantum d e v i a t i o n s  of  S (2) a t  low 

and h i g h  e n e r g i e s .  A t  low e n e r g i e s ,  d e  Boer17 found t h a t  t h e  

q u a n t a l  S (2) w a s  smaller t h a n  t h e  c lass ical  S (2) f o r  t h e  12-6 

p o t e n t i a l  w i t h  p a r a m e t e r s  c o r r e s p o n d i n g  t o  H e  ~ H e  w a s  not, 

a b l e  t o  go t o  h i g h e r  e n e r g i e s  a t  t h a t  t i m e  because  o f  l i m i t e d  

4 

cuxiip-itiilg f a ~ i 1 i t i . e ~ .  SGES 

c a r r i e d  o u t  a semiclassical 

work of Wood and C u r t i s s  i s  

However, t h e y  l i m i t e d  t h e i r  

18 years later de Boer and B i r d  

expans ion  i n  powers of  fi2 ( t h e  l a t e r  

a r e v i s i o n  and e x t e n s i o n  of t h i s ) .  

numer i ca l  c a l c u l a t i o n s  t o  a n  r -12 

r e p u l s i v e  p o t e n t i a l ,  b e l i e v i n g  t h a t  t h e  a t t r a c t i v e  r-6 t e r m  of 

t h e  12-6 p o t e n t i a l  would be un impor t an t  a t  h i g h  e n e r g i e s ,  For a n  

r -12 r e p u l s i v e  p o t e n t i a l  they  found t h e  q u a n t a l  S (2) t o  be larger  

t h a n  t h e  c lass ica l  S(2) .  They t h e r e f o r e  concluded  t h a t  t h e  

q u a n t a l  and c lass ical  c u r v e s  c r o s s e d  a t  r o u g h l y  E/c=4, The 

a c t u a l  s i t u a t i o n  is shown i n  F i g ,  8,  where t h e  q u a n t a l  and 

c lass ical  S (2) f o r  t h e  12-6 p o t e n t i a l  are shown t o g e t h e r  w i t h  

t h e  q u a n t a l  S (2) f o r  t h e  co r re spond ing  r -12 p o t e n t i a l ,  

9 = 4 ~ ( o / r ) ~ ~ .  

t h e  c lass ical  S (2) a t  

I t  is  s e e n  t h a t  t h e  q u a n t a l  S (2) l i e s  below 

e n e r g i e s  f o r  t h e  12-6 p o t e n t i a l ,  and 

t h a t  t h e  a p p a r e n t  c ros s -ove r  w a s  an  a r t i f a c t  caused  by d r o p p i n g  

t h e  a t t r a c t i v e  t e r m  i n  t h e  p o t e n t i a l .  
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A semiclassical expans ion  of  a(x> a t  s m a l l  a n g l e s  i n  

powers of -ti2 h a s  a l s o  been g iven  r e c e n t l y .  14’19 These quantum 

d e v i a t i o n s  a r i se  p r i m a r i l y  from improvements t o  t h e  s t a t i o n a r y  

phase  method for e v a l u a t i n g  t h e  semiclassical d i f f e r e n t i a l  c r o s s  

sect  i o n .  la Other  quantum d e v i a t i o n s ,  due t o  h i g h e r  t e r m s  i n  t h e  

Euler -Maclaur in  summation formula  and t o  h i g h e r - o r d e r  WKB 

approx ima t ions ,  are much s m a l l e r  i n  t h i s  r e g i o n .  However, i f  t h e  

e x p r e s s i o n  f o r  cr(x) i n  powers o f  is used  i n  Eq. (3) t o  e v a l u a t e  

S(n) , t h e  s t a t i o n a r y - p h a s e  sma l l - ang le  quantum c o r r e c t i o n s  are 
n g r e a t l y  attenuated hy t h e  (1-cnc x) weighting factC3rc and nn 

l o n g e r  dominate  t h e  o t h e r  quantum c o r r e c t i o n s  i n  t h e  f i n a l  

e x p r e s s i o n s  f o r  S ( n ) o  They a r e ,  i n  f a c t ,  of comparable  magnitude,  
16  as Wood and C u r t i s s  have shown. I n  o t h e r  words,  t h e  e x p r e s s i o n s  

g i v e n  for t h e  quantum d e v i a t i o n s  of  o(x) a t  s m a l l  a n g l e s  

g i v e  o n l y  h a l f  t h e  f u 1 l l 6  quantum c o r r e c t i o n s  t o  S(n) , ,  

t h e  approach  t o  S (n) t h rough  rr(x) and Eq, (3) is ve ry  poor f o r  

c o m p u t a t i o n a l  p u r p o s e s 7  and t h e  d i r e c t  e x p r e s s i o n s  i n  terms o f  

p h a s e  s h i f t s ,  Eqs.  ( 5 )  and ( 6 ) ,  are t o  be p r e f e r r e d .  

14,19 

Indeed ,  

O r b i t i n g  and Rainbow E f f e c t s  

We now c o n s i d e r  t h e  e f f e c t s  of c l a s s i ca l  o r b i t i n g  and 

r a inbow s c a t t e r i n g  on t h e  computa t ion  of  c r o s s  s e c t i o n s .  Some 

of t h e s e  e f f ec t s  are a l r e a d y  known, b u t  t h e i r  d e t a i l e d  i n f l u e n c e s  

on n u m e r i c a l  computa t ions  have o f t e n  been ove r looked .  Cons ide r  

f irst  t h e  JWKB approx ima t ions  t o  t h e  c r o s s  s e c t i o n s - t h a t  is, 
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t h e  JWKB phase  s h i f t s  and summations o v e r  a .  A p l o t  of  v s .  a 
a t  c o n s t a n t  E l o o k s  ve ry  much l i k e  F i g ,  5 ,  and as E is i n c r e a s e d  

t h e  v e r t i c a l  p o r t i o n  of t h e  c u r v e  ( c o r r e s p o n d i n g  t o  c lass ica l  

o r b i t i n g )  moves t o  h i g h e r  a v a l u e s .  A s  t h e  s t e e p  " f r o n t "  

c r o s s e s  each i n t e g r a l  v a l u e  of - ,l t h e  phase  s h i f t  f o r  t h a t  - a 
t a k e s  a sudden jump and t h i s  may be r e f l e c t e d  a s  a s h a r p  jump 

i n  t h e  c r o s s  s e c t i o n s  a t  t h a t  e n e r g y .  (Of c o u r s e  t h e  e x a c t  

e f f e c t  on t h e  c r o s s  s e c t i o n  depends on t h e  h e i g h t  o f  t h e  f r o n t ,  

I f  it is approx ima te ly  ST; t h e n  no jump is obse rved ;  see F i g .  9 

- - 

... W 1 1 G l . G  Ln-r. the  &=3 jump is m i s s i n g  f e r  t h i s  reason.) The v a r i r t i n n  

of  t h e  6 a  and of  t h e  c r o s s  s e c t i o n s  is  smooth as  E i n c r e a s e s  

f u r t h e r ,  u n t i l  t h e  f r o n t  r e a c h e s  t h e  n e x t  i n t e g r a l  v a l u e  of a ,  
when a n o t h e r  jump o c c u r s .  The r e s u l t  is a ' s a w t o o t h  appea rance  

(wi th  some teeth mis s ing )  t o  t h e  c r o s s  s e c t i o n s  as a f u n c t i o n  

of ene rgy .  The s a w t e e t h  a r e  g e n e r a l l y  more n o t i c e a b l e  f o r  t h e  

S(n)  t h a n  f o r  t h e  S ,  s i n c e  t h e  former  i n v o l v e  phase  s h i f t  

d i f f e r e n c e s .  

The o r b i t i n g  s a w t e e t h  p e r s i s t  u n t i l  E is s o  h igh  t h a t  

o r b i t i n g  is no l o n g e r  p o s s i b l e ,  and o n l y  rainbow s c a t t e r i n g  

o c c u r s .  

and t h e r e  is o n l y  a n  u n d u l a t i o n  i n  t h e  c r o s s  s e c t i o n ,  These 

g e n t l e  u n d u l a t i o n s  d i e  o u t  r a p i d l y  as t h e  ene rgy  i n c r e a s e s  

f u r t h e r  and t h e  5 a  v s .  - ,l curve  becomes s t i l l  more s lowly -va ry ing .  

Then t h e  f r o n t  of  t h e  d a  v s ,  - a c u r v e  becomes less  s t e e p  

The e f f e c t  of a c o r r e c t  q u a n t a l  c a l c u l a t i o n  i n  t h e  

c lass ica l  o r b i t i n g  r e g i o n  i s  u s u a l l y  t o  make t h e  f r o n t s  of  t h e  

6 v s ,  1 c u r v e s  less s t e e p ,  a l t h o u g h  t h e  f r o n t  may sometimes a 
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t u n n e l  t h rough  t h e  o r b i t i n g  r e g i o n  w i t h  l i t t l e  change i n  s h a p e ,  

somewhat as shownin  F i g . 1 .  The g e n e r a l  e f f e c t  is  t h u s  t o  round 

o f f  t h e  t i p s  o f  t h e  o r b i t i n g  s a w t e e t h  and r e d u c e  t h e i r  magni tude 

and ,  t o  some e x t e n t ,  t h e i r  l o c a t i o n  ( t h i s  is v e r y  s e v e r e  i f  A" 

is l a r g e )  The appea rance  is as i f  t h e  o r b i t i n g  s a w t e e t h  w e r e  

l a r g e l y  c o n v e r t e d  i n t o  rainbow u n d u l a t i o n s ,  as  is indeed  t h e  

case, s i n c e  q u a n t a l  b a r r i e r  p e n e t r a t i o n  c o n v e r t s  c lass ical  

o r b i t i n g  i n t o  semiclassical  ra inbow s c a t t e r i n g .  However, 

some of  t h e  JWKB s a w t e e t h  are c o n v e r t e d  i n t o  s h a r p  s p i k e s ,  and 

an occasional sawtooth may be m i s s i n g  e n t i r e l y ,  as shown i n  F i g . 9 .  

The precise r e l a t i o n s h i p  between t h e  JWKB and q u a n t a l  c r o s s  

s e c t i o n s  c a n  o n l y  be  unde r s tood  by a c a r e f u l  s t u d y  of t h e  r e l e v a n t  

JWKB and q u a n t a l  phase  s h i f t s .  Some o f  these phenomena have been 

p o i n t e d  o u t  p r e v i o u s l y  by Vogt and  Wannier20a and by Da lga rno ,  

M c  D o w e l l ,  and W i l l i a m s .  l3 

n o t i c e d  i n  c a l c u l a t i o n s  of JWKB spin-exchange cross s e c t i o n s .  

I n  t h e  c lass ical  approximat ion ,  t h e  o r b i t i n g  s a w t e e t h  

l a  

S i m i l a r  s a w t e e t h  have  a l so  been 
20b 

d o  n o t  o c c u r ,  and o n l y  t h e  smoothly v a r y i n g  mean is found.  The 

ra inbow u n d u l a t i o n s  p e r s i s t ,  however, and it is i n t e r e s t i n g  t o  

i n q u i r e  how t h i s  comes abou t .  The r e a s o n  is easiest t o  see i n  

t e r m s  of t h e  e x p r e s s i o n  f o r  S (n) i n  t e r m s  o f  o(>c), g i v e n  by 

E q . ( 3 ) .  The ra inbow s c a t t e r i n g  p roduces  a s i n g u l a r i t y  and 

d i s c o n t i n u i t y  i n  a(x) a t  xr i n  t h e  c lass ical  approx ima t ion ,  

b u t  a(x) is smooth i n  t h e  o r b i t i n g  r e g i o n .  T h i s  ra inbow i n  a(x)  

c a n  have a l a r g e  or s m a l l  e f f e c t  on S (n) depending  on t h e  a n g l e  

a t  which i t  o c c u r s ,  because  of t h e  w e i g h t i n g  f a c t o r s  (1-cos?) .  

1 , 2 1  
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A t  e n e r g i e s  j u s t  above t h a t  f o r  which c lass ica l  o r b i t i n g  ceases, 

t h e  v a l u e  o f  x changes  q u i t e  r a p i d l y  w i t h  E ,  and c a n  change from 

a l a r g e  m u l t i p l e  of IT t o  a smaller m u l t i p l e  of  'TT f o r  a s m a l l  change 

i n  E .  The rainbow i n  a(~) t h u s  s h i f t s  r a p i d l y  i n  a n g l e  as E 

is changed,  and t h i s  augments S (n) i f  (l-cosnX) is l a r g e  b u t  

h a s  l i t t l e  e f fec t  i f  (1- COS"^) 
u n d u l a t o r y  behav io r  i n  S (n) u n t i l  t h e  ene rgy  is h i g h  enough 

t h a t  xr  becomes less t h a n  n and c o n t i n u e s  t o  decrease as  E is 

i n c r e a s e d ,  whereby t h e  (l-cosnx) f a c t o r s  q u i c k l y  damp o u t  t h e  

ur-dulat inr? T h i s  i - ~ r ? d i ~ l a t ~ r y  hehavior w a s  not i ced i n  t h e  

p i o n e e r i n g  c a l c u l a t i o n s  of  S (n) f o r  t h e  12-6 p o t e n t i a l  by 

r 

is s m a l l .  The n e t  r e s u l t  is a n  

H i r s c h f e l d e r ,  B i r d ,  and Spotz ,22  b u t  w a s  i n c o r r e c t l y  a t t r i b u t e d  

by them t o  o r b i t i n g  r a t h e r  t han  t o  ra inbows.  I t  w a s  l a t e r  

c o r r e c t l y  i n t e r p r e t e d  by Dalgarno and Smi th ,  23 

The  f o r e g o i n g  e f f e c t s  are i l l u s t r a t e d  i n  F i g .  9 ,  which  

shows S (') as a f u n c t i o n  of ene rgy  i n  t h e  c l a s s i ca l ,  JWKB, and 

q u a n t a l  l i m i t s  f o r  A*= 1 , O .  The d i f f i c u l t y  w i t h  t h e  JWKB o r b i t i n g  

s a w t e e t h  is t h a t  t h e y  become m o r e  numerous as A* becomes smaller 

and c lass ical  b e h a v i o r  is supposedly  approached more c l o s e l y .  

Thus t h e  cross s e c t i o n s  must be e v a l u a t e d  a t  v e r y  s m a l l  i n t e r v a l s  

of e n e r g y  i f  t h e  behav io r  i s  t o  be f o l l o w e d .  I f  t h i s  is n o t  

done ,  one o b t a i n s  p o i n t s  more o r  l e s s  a t  random on t h e  sawteeth, 

and t h e  appea rance  may be t h a t  o f  a random s c a t t e r i n g  of p o i n t s  

about t h e  c l a s s i ca l  c u r v e .  Worse s t i l l ,  i f  t h e  p o i n t s  are 

c a l c u l a t e d  f o r  a wide  s p a c i n g  of E ,  a n  e n t i r e l y  e r r o n e o u s  

i m p r e s s i o n  may be o b t a i n e d  of u n d u l a t i o n s  of  much l o n g e r  wavelength .  
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c 

The q u e s t i o n  therefore a r i s e s  as t o  how t o  smooth out t h e  s a w t e e t h  

w i t h o u t  undue l a b o r .  The b e s t  way would be t o  u s e  q u a n t a l  phase  

s h i f t s  where n e c e s s a r y  and only  t o  u s e  J W K B  phase  s h i f t s  i n  

r e g i o n s  of p r o p e r  v a l i d i t y  as  shown i n  F i g .  2 .  T h i s  c a n  s t i l l  

i n v o l v e  a g r e a t  d e a l  of  numer ica l  computa t ion  s i n c e  t h e r e  may 

be j u s t  as  many q u a n t a l  u n d u l a t i o n s  as  t h e r e  are JWKB s a w t e e t h .  

A much easier  way would be t o  r e c o g n i z e  t h a t  it is seldom 

n e c e s s a r y  t o  f o l l o w  t h e  u n d u l a t i o n s  p r e c i s e l y ,  e x c e p t  p o s s i b l y  

for l a r g e  A* when t h e  JWKB approx ima t ion  is bad anyway, s i n c e  

t,he u n d 1 d a t i p s  are us12ally wiped ell+, by s1mbseqllent fnlegratiens 

o v e r  t h e  v e l o c i t y  d i s t r i b u t i o n s  i n  t h e  case o f  S'"? or by l i m i t e d  

r e s o l u t i o n  or v e l o c i t y  s e l e c t i o n  i n  t h e  case of S. T h i s  b e i n g  

t h e  case, it is bet ter  t o  use t h e  semiclassical approx ima t ion  i n  

which t h e  summations ove r  l? are  r e p l a c e d  by i n t e g r a t i o n s ,  

But w e  have  a l r e a d y  s e e n  t h a t  t h i s  l e a d s  e x a c t l y  t o  t h e  c lass ica l  

r e s u l t  i n  t h e  case of t h e  t r a n s p o r t  c r o s s  s e c t i o n s .  T h i s  

c o n f i r m s  o u r  p r e v i o u s  o b s e r v a t i o n  t h a t  it is seldom wor thwhi le  

t o  b o t h e r  w i t h  t h e  JWKB approx ima t ion  t o  S(n) :  i f  t h e  JWKB 

approx ima t ion  is a c c u r a t e ,  t h e  c lass ical  c a l c u l a t i o n  is both  

easier and more a c c u r a t e ;  i f  t h e  c lass ica l  c a l c u l a t i o n  is 

i n a c c u r a t e  so  is t h e  JWKB one. 

From a n  examina t ion  of F i g .  9 it is e v i d e n t  t h a t  

c lass ical  t r a n s p o r t  c r o s s  s e c t i o n s  a t  o r b i t i n g  e n e r g i e s  are 

c o n s i d e r a b l y  i n  e r r o r  f o r  a g a s  w i t h  A * = 1  e I t  might  t h e r e f o r e  

a p p e a r  t h a t  t h e  t r a n s p o r t  p r o p e r t i e s  of any l i g h t  g a s  c o u l d  

n o t  be a c c u r a t e l y  p r e d i c t e d  by c lass ica l  t h e o r y  a t  o r b i t i n g  
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e n e r g i e s .  T h i s  would s u g g e s t  t h a t  c l a s s i ca l  t h e o r y  might  be 

i n a d e q u a t e  f o r  a tomic  hydrogen below abou t  10 ,000  K ( s i n c e  

E % 4.7 e V  f o r  t h e  s i n g l e t  s t a t e  of H2) e 

c a l c u l a t i o n s  of t h e  v i s c o s i t y  of a tomic  hydrogen by Dalgarno  

0 

Y e t  r e c e n t  classical  

and Smith23 have ag reed  w i t h i n  one or t w o  p e r c e n t  w i t h  e x a c t  

q u a n t a l  c a l c u l a t i o n s  by Buckingham and down t o  100 OK,  

and semiclassical c a l c u l a t i o n s  of t h e r m a l l y  averaged  s p i n -  

exchange c r o s s  s e c t i o n s  f o r  a tomic  hydrogen by Smith25 have 

been i n  good agreement  w i t h  s i m i l a r  q u a n t a l  c a l c u l a t i o n s  by 

Dalgarno  and Henry2' and by Buckingham and Fox 27 0 down t o  10  K. 

T h i s  a p p a r e n t  c o n t r a d i c t i o n  c a n  n e v e r t h e l e s s  be e x p l a i n e d  i n  

t e r m s  o f  t h e  r e s u l t s  a l r e a d y  d i s c u s s e d .  

There are t w o  i n t e r a c t i o n  p o t e n t i a l s  for a tomic  hydrogen 
3 c o r r e s p o n d i n g  t o  t h e  '2 and Cu s ta tes  o f  H2.  The t r i p l e t  

p o t e n t i a l  h a s  ~ Z O . 0 0 1 4  e V  and 
g 

055 .7ao ,  so t h a t  A*%3.6. 

Although A *  is large,  E is so s m a l l  t h a t  most t h e r m a l  e n e r g i e s  

l i e  f a r  above t h e  o r b i t i n g  r e g i o n  and quantum d e v i a t i o n s  are 

s m a l l .  

s o  t h a t  A " S 0 . 4  and t h e  c l a s s i c a l  approx ima t ion  is accurate.  

The s i n g l e t  p o t e n t i a l  h a s  ~ % 4 ~ ' 7  e V  and 0 S o . 8 5  a. 

The major  e r r o r  is t h u s  t h e  l a c k  of t h e  o r b i t i n g  s a w t e e t h  f o r  

t h e  s i n g l e t  c r o s s  s e c t i o n s ,  b u t  t h e s e  are  e f f e c t i v e l y  e l i m i n a t e d  

by t h e  subsequen t  t h e r m a l  a v e r a g i n g  and t h e  f i n a l  c lass ica l  

and  q u a n t a l  r e s u l t s  are n e a r l y  e q u a l .  



22 

Glory E f f e c t s  

The e f fec ts  of forward g l o r y  s c a t t e r i n g  are worth 

a few comments, Class ica l lv ,  g l o r y  s c a t t e r i n g  OCCUYS a t  

t h e  p o i n t  where t h e  d e f l e c t i o n  c u r v e  x crosses t h e  b -ax i s ,  

and q u a n t a l l y  o c c u r s  a t  t h e  p o i n t  where 6 v s ,  1 h a s  a 

maximum, as shown i n  Fig,, 5 ,  Here a (x )  is i n f i n i t e ,  b u t  

a(x)  s i n  x is f i n i t e . '  

s e c t i o n s  is s imply  t o  lower them s l i g h t l y ,  because  t h e  weight  

f a c t o r s  (l-cosnX) are all z e r o  a t  x = O D  T h i s  is p robab ly  t h e  

r e a s o n  t h a t  t h e  s m a l l  a t t r a c t i v e  p a r t  o f  t h e  12-6 p o t e n t i a l  

had  such  a n  i n f l u e n c e  on S (2) a t  h i g h  e n e r g i e s ,  as w a s  shown 

i n  F ig .  8: t h e  e f f e c t  of  t h e  a t t r a c t i o n ,  even  though it is 

weak, is t o  produce  a forward g l o r y  which is a b s e n t  for a p u r e l y  

r e p u l s i v e  p o t e n t i a l .  T h i s  l o w e r i n g  c a n  a l so  be e a s i l y  unde r s tood  

from t h e  formulae  f o r  S (n) i n  t e r m s  of  t h e  sums ove r  d a  g iven  

by Eqs.(5) and ( 6 ) .  I n  t h e  v i c i n i t y  of t h e  g l o r y ,  6 changes  

v e r y  s l o w l y  w i t h  - a ,  so  t h a t  

is n e a r l y  zero, and t h e  phase s h i f t s  a round t h e  g l o r y  do  n o t  

c o n t r i b u t e  much t o  S . 

a 

The effect  on t h e  t r a n s p o r t  cross 

a 
-ha) 

and hence s i n  2 (6a+n 

(n) 

The e f f e c t  of t h e  g l o r y  on t h e  t o t a l  s c a t t e r i n g  cross 

s e c t i o n  is much more d r a m a t i c .  Because is s l o w l y  v a r y i n g ,  

t h e r e  is a whole  set of terms i n  t h e  summation f o r  which 

s i n 2  6 is n e a r l y  

r a p i d l y  and hence 

n e a r  t h e  g l o r y  is 

a t h e  same. For  o t h e r  t e r m s  6 v a r i e s  more 

s i n 2  6 o s c i l l a t e s .  Whenever t h e  v a l u e  of 6 

n e a r  n/2, s i n  6 t a k e s  on i ts  maximum v a l u e  

a 
a a 

2 
a 
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and t h e r e  is a c o n t r i b u t i o n  t o  t h e  cross s e c t i o n  from t h e  g l o r y  

p h a s e s .  Whenever O a  n e a r  t h e  g l o r y  is x, s i n  6 is s m a l l  and 

there  is no c o n t r i b u t i o n  t o  t h e  cross s e c t i o n  from t h e  g l o r y  

p h a s e s .  Thus S v s ,  E u n d u l a t e s  a t  l o w  e n e r g i e s ,  a s  t h e  v a l u e s  

of t h e  g l o r y  phases p a s s  s u c c e s s i v e l y  th rough  n/2 and TTT, T h i s  

u n d u l a t o r y  behav io r  w a s  f i r s t  n o t i c e d  by B e r n ~ t e i n , ~  who a l so  

p o i n t e d  o u t  t h a t  t h e  number of u n d u l a t i o n s  w a s  r e l a t e d  (semi- 

c l a s s i c a l l y )  t o  t h e  number of bound s ta tes  of t h e  p o t e n t i a l .  

The phenomenon h a s  s i n c e  been obse rved  e x p e r i m e n t a l l y  and  a n a l y s e d  

i n  d e t a i l .  

remark t h a t  t h e  o r b i t i n g  u n d u l a t i o n s  (or semiclassical  s a w t e e t h )  

w i l l  be supe rposed  on  t h e  g l o r y  u n d u l a t i o n s ,  

a n  un impor t an t  e f f e c t  and c a n  be removed by r e p l a c i n g  t h e  summation 

by a n  i n t e g r a t i o n ,  o r  by j u s t  d rawing  a smooth c u r v e  th rough  8 se t  

of  c a l c u l a t e d  p o i n t s .  However, a s  A* i n c r e a s e s  t h e  g l o r y  

u n d u l a t i o n s  become fewer  and t h e  o r b i t i n g  u n d u l a t i o n s  become of 

comparable impor t ance .  F i n a l l y  f o r  l a r g e  A* there  are no g l o r y  

u n d u l a t i o n s  a t  a l l ,  b u t  promiment o r b i t i n g  u n d u l a t i o n s .  A l i t t l e  

care is t h u s  n e c e s s a r y  i n  drawing c o n c l u s i o n s  a b o u t  t h e  number 

o f  bound s ta tes  f r o m  t h e  number of extrema i n  S v s .  v e l o c i t y .  

For i n s t a n c e ,  t h e r e  are s e v e r a l  l ow-ve loc i ty  ex t rema i n  S f o r  
4 A* = 2.67 ( c o r r e s p o n d i n g  t o  H e  ) ,  b u t  t h e r e  is a t  most one  bound 

s t a t e .  ' O j 3 0  

o r b i t i n g  ra ther  t h a n  t o  g l o r y  s c a t t e r i n g .  I n  a c t u a l  p r a c t i c e  

t h e r e  s h o u l d  be n o  r e a l  d i f f i c u l t y ,  s i n c e  t h e  l o c a t i o n  of  t h e  

o r b i t i n g  u n d u l a t i o n s ,  if t h e y  are p r e s e n t ,  c a n  be predicted from 

2 
a 

28 

W e  need s a y  n o t h i n g  f u r t h e r  aboiit it except to 29 

For s m a l l  A* t h i s  is 

These extrema are i n  f a c t  r e l a t e d  t o  c l a s s i c a l  
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a knowledge of t h e  o r b i t i n g  l i n e  and i t s  c o n t i n u a t i o n ,  t h e  

rainbow s c a t t e r i n g  l i n e ,  

Small-Angle D i f f e r e n t i a l  Cross S e c t i o n s  

As a f i n a l  example w e  compare t h e  d i f f e r e n t i a l  c r o s s  

s e c t i o n  f o r  a p u r e  r -I2 r e p u l s i v e  p o t e n t i a l  a s  c a l c u l a t e d  from 

t h e  e x a c t  q u a n t a l  phase  s h i f t s  and from some r e c e n t l y  d e r i v e d  

semiclassical  approx ima t ions .  The l a t t e r  w e r e  g i v e n  i n  two 

19  

partsj gne v a - l i d  at Very small allgles alli t h e  n t h e r  at larger 

a n g l e s  where t h e  s c a t t e r i n g  is  n e a r l y  c l a s s i ca l .  For a p o t e n t i a l  

v a r y i n g  as  r , t h e  s m a l l  a n g l e  r e s u l t  is -S 

where f ( s )  is a numer i ca l  c o n s t a n t  e q u a l  t o  1 , 0 7 8  f o r  s-12. 

The n e a r l y  c l a s s i ca l  r e s u l t  is 

which d o e s  n o t  c la im t o  do more t h a n  supp ly  a n  i n d i c a t i o n  of 

t h e  r e g i o n  where quantum d e v i a t i o n s  beg in  t o  be i m p o r t a n t .  I n  

p a r t i c u l a r ,  Eq. (21) w i l l  not  e x h i b i t  any q u a n t a l  o s c i l l a t i o n s ,  

b u t  w i l l  g i v e  on ly  t h e  mean v a l u e ,  

The numer i ca l  comparison is shown i n  F i g s ,  10 and 11, 

which were c a l c u l a t e d  w i t h  t h e  p o t e n t i a l  



2 5  

u s i n g  a n  ene rgy  E/€ = 45 and de Boer p a r a m e t e r s  of  A*- 0 , 5 0  and  

2.67. The quantum o s c i l l a t i o n s  a t  l a r g e r  a n g l e s ,  due t o  t h e  

Legendre polynomia ls  i n  t h e  e x p r e s s i o n  f o r  a ( x ) ,  are indeed  

n o t  reproduced  by Eq .  (21) The sma l l - ang le  r e s u l t  o f  Eq. (20) 

however, is i n  remarkably  good agreement  w i t h  t h e  e x a c t  r e s u l t s  

o u t  t o  much l a r g e r  a n g l e s  t h a n  o r i g i n a l l y  c l a i m e d , ”  p rov ided  

t h a t  t h e  e x a c t  v a l u e  o f  t h e  t o t a l  cross s e c t i o n  S is used  i n  

Eq . (20 ) .  The agreement  is  n o t  s o  good i f  a n  approximate  

v a l u e  of S based  on t h e  Massey-Mohr3’ approx ima t ion  t o  t h e  JWKB 

p h a s e s  is u s e d .  T h i s  approximate S is  g i v e n  for s=12 by 

t h e  e x p r e s s i o n  

S = F12 (4E a12/4v) 2/11 9 

19 where F12= 6 .584 ,  The Massey-Mohr approx ima t ion  is t h e  l i m i t i n g  

form t a k e n  by t h e  JWKB formula f o r  s m a l l  phase  s h i f t s ;  i n  t h e  

cases shown i n  F i g s ,  10 and 11, t h e  phase  s h i f t s  which c o n t r i b u t e  

m o s t  s t r o n g l y  t o  S are n o t  so s m a l l  (of t h e  o r d e r  of  0 . 2  r a d ) ,  

and  c o n s e q u e n t l y  Eq. (23) is n o t  v e r y  a c c u r a t e .  

I t  is a l s o  remarkable  how c l o s e l y  t h e  Massey-Mohr v a l u e  

of t h e  c r i t i c a l  a n g l e  xc d e s c r i b e s  t h e  l o c a t i o n  of t h e  a n g l e  

where t h e  q u a n t a l  a(x) c r o s s e s  t h e  n e a r l y  c lass ica l  a ( ~ )  f o r  

t h e  second t i m e ,  a f t e r  which i t  osc i l l a t e s  r a t h e r  s y m m e t r i c a l l y  

a b o u t  t h e  c lass ica l  c u r v e ,  The v a l u e  of t h e  c r i t i c a l  a n g l e  is 
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where r is t h e  c lass ical  d i s t a n c e  of c l o s e s t  approach  f o r  

s c a t t e r i n g  through t h e  angle  x 
0 

C 0  

V. CONCLUSIONS 

Although o u r  numer ica l  c a l c u l a t i o n s  have been 

r e s t r i c t e d  t o  a p a r t i c u l a r  p o t e n t i a l  model, w e  b e l i e v e  t h e  

f o l l o w i n g  c o n c l u s i o n s  a re  f a i r l y  g e n e r a l :  

(1) The JWKB approximat ion  f o r  t h e  s c a t t e r i n g  phase  s h i f t s  

a lways  f a i l s  i n  a c e r t a i n  r e g i o n  whose e x t e n t  depends on t h e  

v a l u e  o f  t h e  de Boer parameter  A*. 

c a n  be p r e d i c t e d  on t h e  b a s i s  o f  a s m a l l  number of c a l c u l a t i o n s .  

The b o u n d a r i e s  o f  t h i s  r e g i o n  

(2) The JWKB approximat ion  is e s s e n t i a l l y  u s e l e s s  f o r  t h e  

c a l c u l a t i o n  of  t r a n s p o r t  c r o s s  s e c t i o n s .  For  l o w  e n e r g i e s  o r  

la rge  A* it is i n a c c u r a t e ,  and where it is a c c u r a t e  t h e  p u r e l y  

c lass ica l  approx ima t ion  g i v e s  t h e  same averaged  c r o s s  s e c t i o n s  and 

is easier t o  u s e .  

(3) The JWKB approximat ion  is u s e f u l  f o r  t h e  c a l c u l a t i o n  of 

t o t a l  s c a t t e r i n g  cross  s e c t i o n s ,  f o r  which t h e  c l a s s i ca l  approx- 

i m a t i o n  a lways  f a i l s ,  b u t  i t  is a c c u r a t e  o n l y  f o r  h i g h  e n e r g i e s  

o r  f o r  s m a l l  v a l u e s  of A*. 

(4) The ana logue  of  c lass ical  o r b i t i n g  c o l l i s i o n s  c a u s e s  s e v e r a l  

p e c u l i a r  f e a t u r e s  t o  appea r  i n  t h e  c r o s s  s e c t i o n s ,  and  t h i s  

b e h a v i o r  must be t a k e n  i n t o  accoun t  i n  d e t a i l e d  compar isons  of 
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expe r imen t  and t h e o r y .  

(5) The d i f f e r e n t i a l  c r o s s  s e c t i o n  behaves  v e r y  n e a r l y  as 

e x p  (-cy ) o u t  t o  t h e  Masseg-Mohr c r i t i c a l  a n g l e  X C e  and t h e n  

o sc i l l a t e s  abou t  a n e a r l y  c lass ica l  mean v a l u e .  

2 
I -  
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APPENDIX: CALCULATION OF QUANTAL PHASE SHIFTS 

A number of e f f e c t i v e  methods f o r  c a l c u l a t i n g  q u a n t a l  

p h a s e  s h i f t s  have been d e s c r i b e d  i n  t h e  l i t e r a t u r e .  2 , 1 0 , 3 2  In 

t h e  p r e s e n t  work, t h e  r a d i a l  wave e q u a t i o n  i n  t h e  form 

where  p= r /a ,  w a s  i n t e g r a t e d  u s i n g  Numerov' s p r o c e d u r e  33 

T h i s  is based  on t h e  r e l a t i o n  
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2 2 

(27) a (a-tl) E 
2 

P 

I t  c a n  be shown33 t h a t  t h e  f i r s t - o r d e r  error  p e r  c y c l e  f o r  t h e  

q u a d r a t u r e  is h6 yv1/240. 

The program performed i n  t h e  f o l l o w i n g  way. The 

r a d i a l  e q u a t i o n  w a s  i n t e g r a t e d  outwards  f r o m  a p o i n t  w h e r e  t h e  

s o l u t i o n  w a s  e s s e n t i a l l y  zero. I n  p r a c t i c e  i t  w a s  found t h a t  

t h e  e x a c t  c h o i c e  o f  s t a r t i n g  v a l u e s  w a s  n o t  c r i t i c a l ;  t h e  t w o  

i n i t i a l  v a l u e s  were u s u a l l y  chosen  t o  be e q u a l  and  of t h e  

o r d e r  of  The i n t e g r a t i o n  w a s  c o n t i n u e d  u n t i l  t h e  

p o t e n t i a l  w a s  less t h a n  t h e  t o t a l  e n e r g y ,  t h a t  is u n t i l  

A check  w a s  t h e n  commenced f o r  t h e  n e x t  change  i n  s i g n  of 

t h e  s o l u t i o n  G j ( P ) .  

carried o u t  f o r  t w o  more s teps  and  t h e  p o s i t i o n  of t h e  zero 

found by i n t e r p o l a t i o n .  

When t h i s  o c c u r r e d ,  t h e  i n t e g r a t i o n  w a s  

I t  is w e l l  known t h a t  t h e  s o l u t i o n  of Eq,(25) when 

t h e  p o t e n t i a l  is zero is of t h e  form 
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where k*= ka, and t h a t  t h e  phase s h i f t  d j  is g i v e n  by 

= arc t a n  [ (-1) a B/A] da  

If po is t h e  p o s i t i o n  of t h e  l a s t  r e c o r d e d  z e r o  of G a ( p ) ,  

f o l l o w s  immediately t h a t  

i t  

The Bessel f u n c t i o n s  were c a l c u l a t e d  from a r e c u r s i o n  r e l a t i o n ,  

w i t h  J1 and J 1 as s t a r t i n g  p o i n t s .  
2 -2 

The program was s t a r t e d  w i t h  a=O,  and the value of i? - - 
was i n c r e a s e d  by 1 a f t e r  each phase  s h i f t  w a s  found.  T h i s  w a s  

c o n t i n u e d  u n t i l  f o u r  s u c c e s s i v e  phase  s h i f t s  were less t h a n  0.001. 

The program t h e n  c a l c u l a t e d  t h e  c r o s s  s e c t i o n s  S, S 

(even - a ) ,  S (2) (odd - a ) ,  and S(3) . 
t h e  d i f f e r e n t i a l  c r o s s  s e c t i o n s  a t  s p e c i f i e d  a n g l e s  w a s  a l s o  

p r o v i d e d .  Another  ene rgy  cou ld  t h e n  be read i n  and t h e  whole 

c a l c u l a t i o n  r e p e a t e d .  

( I ) ,  

An o p t i o n  of  c a l c u l a t i n g  

I t  h a s  been p r e v i o u s l y  n o t e d  t h a t  phase  s h i f t s  

c a l c u l a t e d  by p r o c e d u r e s  s i m i l a r  t o  t h e  f o r e g o i n g  are s l i g h t l y  

i n  e r r o r  because  of t h e  r e s i d u a l  e f f e c t  of t h e  a t t r a c t i v e  t a i l  

of t h e  p o t e n t i a l .  A small c o r r e c t i o n  w a s  t h e r e f o r e  made t o  t h e  

c a l c u l a t e d  phase  s h i f t s ,  based on u s i n g  t h e  JWKB approx ima t ion  

t o  c o n t i n u e  t h e  s o l u t i o n  G ( p )  beyond its l a s t  recorded z e r o  

a t  po. 

a 
T h i s  c o r r e c t i o n  had t h e  form 

d a ( t r u e )  = Ea(apparent )  + A d j ,  (32) 
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where 6 ( a p p a r e n t )  was t h e  v a l u e  from E q . ( 3 1 ) ,  and a 

A t  l a r g e  s e p a r a t i o n s ,  p f o r  t h e  12-6 p o t e n t i a l  c a n  be approximated  

6 1 0 , 3 2  by -4€/p , and Eq.(33) becomes, a f t e r  expans ion  of t h e  i n t e g r a n d s ,  

I n  p r a c t i c e  t h i s  c o r r e c t i o n  w a s  a lways less t h a n  0.0001 r a d .  

Very a c c u r a t e  phase s h i f t s  f o r  t h e  Lennard-Jones (12-6) 

p o t e n t i a l  have been o b t a i n e d  f o r  A*= 3 . 0 8  and 2 .67  ( c o r r e s p o n d i n g  

t o  He3 and H e  ) .  lo 

c a l c u l a t e  t h e  v i s c o s i t y  c r o s s  s e c t i o n s  S(2). 

o u r  c a l c u l a t e d  6 w i t h  Keller 's  t a b l e s  showed v e r y  c l o s e  

ag reemen t ,  t h e  d i s c r e p a n c y  between t h e  two c a l c u l a t i o n s  b e i n g  

a lways  less t h a n  0 .005  r a d .  A comparison of o u r  c a l c u l a t e d  

S(2) w i t h  these t a b l e s  a l s o  showed close agreement ,  t h e  l a r g e s t  

d i s c r e p a n c y  b e i n g  of  t h e  o r d e r  of 0.2%. 

T h e s e  were la ter  used  by K e l l e ~ - ~ ~  t o  

Comparison of 

a 

I t  is d i f f i c u l t  t o  estimate t h e  t i m e  r e q u i r e d  t o  c a l c u l a t e  

a s i n g l e  phase  s h i f t  by t h e  p r e s e n t  program, bu t  a mean t i m e ,  a s  

d e t e r m i n e d  on a sample of 10,000 p h a s e s ,  is abou t  0 . 5  sec on a n  

IBM 7090. 
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FIGURE CAPTIONS 

F i g .  1 - Phase s h i f t s  as  a f u n c t i o n  of ene rgy  for t h e  Lennard- 

J o n e s  (12-6) p o t e n t i a l  w i t h  A*= 1 . 0 ,  showing t h e  f a i l u r e  

o f  t h e  semiclassical JWKB r e s u l t s  (broken c u r v e s )  as  

compared w i t h  t h e  exact q u a n t a l  r e s u l t s  ( s o l i d  c u r v e s )  

The v e r t i c a l  a r rows  mark t h e  c lass ical  o r b i t i n g  e n e r g i e s .  

An a p p a r e n t  case of  r e s o n a n t  b a r r i e r - t u n n e l i n g  is s e e n  

for 4=5. 

F i g .  2 - Regions i n  w h i c h  t h e  JWKB and e x a c t  q u a n t a l  phase  s h i f t s  

d i f f e r  by more t h a n  0 .05  r a d i a n  f o r  a 12-6 p o t e n t i a l  

are e x h i b i t e d  as loops  i n  t h e  ene rgy-angu la r  momentum 

p l a n e .  The dashed c u r v e  shows where c l a s s i ca l  o r b i t i n g  

and rainbow s c a t t e r i n g  o c c u r ,  t h e  b l a c k  d o t  marking t h e  

t r a n s i t i o n  p o i n t  from one t o  t h e  o t h e r .  

F i g .  3 - E f f e c t i v e  p o t e n t i a l  ene rgy  c u r v e s ,  w i t h  r a n g e s  of E/€ 

i n d i c a t e d  for w h i c h  t h e  JWKB phases  are of u n s a t i s f a c t o r y  

a c c u r a c y .  Two curves  are  shown, one for w h i c h  c lass ica l  

o r b i t i n g  o c c u r s ,  and  one f o r  which it canno t  o c c u r .  

These have c e n t r i f u g a l  t e r m s  (or a n g u l a r  momenta) 

c o r r e s p o n d i n g  t o  (b/a)  = 1.3 and 1 . 7 , r e s p e c t i v e l y .  
1 

F i g .  4 - P l o t  of E/€ v s .  ( A * ) ~  f o r  t h e  high-energy e d g e s  of t h e  

r e g i o n s  shown i n  F ig .  2 .  The uppe r  l i n e  c o r r e s p o n d s  

t o  t h e  maximum v a l u e  of E/€ f o r  a g i v e n  v a l u e  of  A*, and 

t h e  lower l i n e  co r re sponds  t o  t h e  v a l u e  of  E/€ f o r  g i v e n  

A* and a n g u l a r  momentum (b/a) ( E k ) '  = 1 . 0 .  
1 



32 

F i g .  5 - Schematic  d iagram o f  t h e  JWKB phase  s h i f t  and t h e  

c o r r e s p o n d i n g  c lass ica l  d e f l e c t i o n  a n g l e ,  showing t h e  

b e h a v i o r  around o r b i t i n g  and a forward  g l o r y ,  The 

correct q u a n t a l  phase  s h i f t  is i n d i c a t e d  by t h e  dashed 

c u r v e .  (The r e s u l t s  shown a c t u a l l y  co r re spond  approx ima te ly  

t o  E/€ = 0 . 4  and A*= 1 . 0 . )  

F i g .  6 - P e r c e n t a g e  d e v i a t i o n s  o f  t h e  c lass ica l  ( s o l i d  c u r v e s )  

and  JWKB (dashed  c u r v e s )  d i f f u s i o n  cross s e c t i o n s  S (1) 

f r o m  t h e  correct q u a n t a l  r e s u l t s ,  w i t h  AS(’)= S ( l ’  ( approx . )  

- s ( ~ )  ( q u a n t a l ) .  

F i g .  7 - P e r c e n t a g e  d e v i a t i o n s  of  t h e  JWKB t o t a l  s c a t t e r i n g  cross 

s e c t i o n s  S from t h e  correct q u a n t a l  r e s u l t s ,  w i t h  

AS=S(approx.)-S(quanta1) 

F i g .  8 - V i s c o s i t y  cross s e c t i o n  S (2) f o r  H e 4  as c a l c u l a t e d  

c l a s s i c a l l y  and q u a n t a l l y  f o r  t h e  12-6 p o t e n t i a l ,  and 

q u a n t a l l y  f o r  t h e  i n v e r s e  1 2 t h  power r e p u l s i v e  p o t e n t i a l .  

The o r i g i n a l l y  c o n j e c t u r e d  c o n n e c t i o n  between h i g h  and 

l o w  ene rgy  r e s u l t s  i s  shown as a dashed  c u r v e  (de  Boer 

and B i r d ) .  Fo r  H e 4  t h e  q u a n t a l  summations r u n  o v e r  o n l y  

even  v a l u e s  o f  l!. - 

F i g .  9 - Class ica l ,  JWKB, and q u a n t a l  d i f f u s i o n  cross s e c t i o n s  

S ( l )  f o r  

u n d u l a t i o n s  as d i s c u s s e d  i n  t h e  t e x t .  

A*= 1, showing o r b i t i n g  s a w t e e t h  and 
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F i g .  10  - D i f f e r e n t i a l  s c a t t e r i n g  c r o s s  s e c t i o n  f o r  a n  

i n v e r s e  1 2 t h  power r e p u l s i v e  p o t e n t i a l ,  w i t h  

rr/ m ' c  G - - x u  UIIU I L  A * =  Oe5G. C u r T " T P S  p, an.1 I3 the 

sma l l - ang le  approximat  i o n  of  Eq. (20)  c u r v e  A 

b e i n g  c a l c u l a t e d  w i t h  t h e  e x a c t  v a l u e  of S and 

c u r v e  B w i t h  a n  approximate v a l u e  o f  S from E q . ( 2 3 ) .  

F i g .  11 - D i f f e r e n t i a l  s c a t t e r i n g  c r o s s  s e c t i o n s  as i n  F i g .  10, 

b u t  w i t h  A*= 2.67. The c lass ica l  c u r v e s  are 

i d e ~ f i c 8 1  i n  t h e  two f igures :  b u t  t h e  scales  are 

s h i f t e d .  
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